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A B S T R A C T   

Currently, the bulk thermodynamic properties of an arbitrary liquid mixture of oligomers are accessible with 
reasonable accuracy through popular 3D statistical models (SAFT, Flory-Huggins) under a wide range of con
ditions. These models are implemented in widely available software suites used for process design. The hy
pothesis investigated here is that the same is, in principle, achievable with monolayers of mixed surfactants on 
liquid surfaces. A molecular thermodynamic theory of the adsorption of alkylphenoxypolyethoxyethanols, 
CnH2n+1C6H4(OC2H4)mOH, on fluid interfaces is presented. It covers homologues of m = 0–10; water|alkane and 
water|gas interfaces; single surfactants and surfactant mixtures. The adsorption behaviour has been predicted as 
a function of the structure of the ethoxylated surfactants and the model has been validated against tensiometric 
data for forty systems. All values of the adsorption parameters have been either predicted, independently 
determined, or at least compared to a theoretical estimate. The single surfactant parameters have been used to 
predict the properties of ‘normal’ Poisson distributed mixtures of ethoxylates, in good agreement with literature 
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data. Partitioning between water and oil, micellization, solubility and surface phase transitions are also 
discussed.   

1. Introduction 

Many common nonionic surfactants are made of an alkyl tail bound 
in a certain way to a polyethoxy chain, e.g., alkanol polyethoxylates 
(CnH2n+1(OC2H4)mOH or CnEm for short), alkylphenol polyethoxylates 
(CnH2n+1C6H4(OC2H4)mOH or CnФEm for short), polysorbates, polox
amers etc., which all have the -(OC2H4)mOH segment (or -Em) acting as 
the polar head group. The modification of the length m of the poly
ethylene glycol chain allows the formulation specialists to optimize the 
physico-chemical properties of a surfactant for a specific application: 
one has options to increase or decrease the surface activity, the partition 
coefficient Kp, the critical micelle concentration (CMC) or the solubility, 
to alter the shape of the micelles, the steric repulsion in thin films etc. 

The experimental data suggest that ethoxylation makes surfactants 
more water-soluble – Kp changes by a factor of 2.9 per -OC2H4- unit [1]. 
The dependence of CMC or solubility on m is also known [2,3]. However, 
the available tensiometric data show that the extent of ethoxylation has 
a complex effect on the surface activity at both water|gas (W|G) and 
water|oil (W|O) interfaces: at low surface coverage, surfactants of larger 
m adsorb more (suggesting adsorption constant Ka increasing with m), 

but at high coverages, the opposite trend is observed (due to the 
increased lateral repulsion in the monolayer between bulker -Em). This 
leads to a characteristic intersection of the isotherms of homologues of 
different m and the same alkyl chain length n [2,4]. These findings are 
empirical – to our knowledge, no in-depth molecular thermodynamic 
(MTD) model exists to rationalize them and to establish rules to predict 
the effect of m on the adsorption parameters. 

The behaviour of some CnEm homologues at W|G has been reported 
to be captured well by a two-dimensional (2D) fluid model for hard discs 
with short-range attraction [5,6], in the sense that all adsorption pa
rameters matched their theoretically expected values. Importantly, this 
includes mixtures of CnEm homologues [5]. However, neither the 
dependence of the adsorption parameters on m has been investigated 
systematically, nor the adsorption at W|O has been studied from the 
same modellistic point of view. The knowledge about the related phe
nomenon of 2D phase behaviour of these surfactants’ monolayers is 
completely empirical [7,8], compared to the well-understood 2D 
gas–liquid phase transitions of simple nonionic surfactants at W|G [9] 
and 2D liquid–solid transitions of fluorinated alcohols at W|O [10]. 
Moreover, 2D fluid theories of adsorption are actually not popular – 
researchers in the field still prefer the Langmuir-Szyszkowski model and 

Nomenclature 

C surfactant concentration, [m− 3] or [mM] 
Ka equilibrium adsorption constant (from the aqueous phase), 

[m] 
Ka0 Ka at m = 0 according to Eqs. (23)–(24), [m] 
Kp equilibrium partition coefficient, Kp = concentration(oil)/ 

concentration(water) 
k Boltzmann constant, [J/K] 
LCH2 London constant for lateral interaction between two 

methylene groups, [m6J] 
lCH2 length of a –CH2– group along the hydrophobic chain, [m] 
lE length of a –OC2H4– segment, [m] 
lФ length of a phenylene segment, [m] 
m number of –C2H4O– units in the ethoxy chain of CnEm and 

CnФEm 
m0 transition unit number (at m > m0, α = αE; otherwise, α =

αΦ) 
n number of –CH2– units in the alkyl chain in CnEm and 

CnФEm 
nCH2 equivalent number of methylene groups in the 

hydrophobic chain in CnEm and CnФEm 
Rβ attraction radical of the sticky disc model, eq. (3) 
r disc area ratio (r = α10/α4 for a mixture of C8ФE4 and 

C8ФE10) 
T temperature, [K] 
x⊥ empirical increment dα⊥/damm 
∝ disc area of the surfactant molecule (≈αcollapse/1.10), [m2] 
αcollapse collapse area for a spread monolayer, [m2] 
αE cross-sectional area of the Em segment, [m2] 
αLangmuir site area of Langmuir’s model, [m2] 
αm increment of the disc area of the Em segment with m, dαE/ 

dm = 2.985 Å2 

αOH cross-sectional area of alkanols, 16.5 Å2 

αФ cross-sectional area of the –C2H4–C6H4–O–C2H4– segment, 
[m2] 

α⊥ area of neat interface lost upon adsorption of a molecule, 
Eq. (22), [m2] 

β lateral attraction parameter 
βosm effective contribution of the solvent osmotic effect to β 
βvdW contribution of the London dispersion interaction to β 
Γ adsorption of the surfactant, [m− 2] or [mol/m2] 
γS surface activity coefficient of the surfactant 
ΔμCH2 hydrophobic free energy of transfer of –CH2– form oil or 

gas phase to water, [J] 
ΔμE free energy of transfer of –C2H4O– form water to oil or gas 

phase, [J] 
ΔμΦ hydrophobic free energy of transfer of –C6H4– form oil or 

gas phase to water, [J] 
δa adsorption length, Eq. (21), [m] 
πS surface/interfacial pressure of the monolayer, πS ≡ σ0 – σ, 

[J/m2] 
σ surface/interfacial tension of the monolayer, [J/m2] 
σ0 surface/interfacial tension of the neat surface (at ψ = 0), 

[J/m2] 
ψ ≡ αΓ is the surface fraction covered by surfactant 
2D two-dimensional 
CMC critical micelle concentration, [mM] 
CnEm alkanol polyethoxylate, CnH2n+1(OC2H4)mOH 
CnФEm alkylphenol polyethoxylate, CnH2n+1C6H4(OC2H4)mOH 
CnФE<m> a mixture of CnΦEm of average head size <m>

EoS equation of state 
HFL the model of 1-component hard-disc fluid of Helfand, 

Frisch and Lebowitz 
LHP the model of multicomponent hard-disc fluid of Lebowitz, 

Helfand and Praestgaard 
MTD molecular thermodynamic 
NPB the model of multicomponent hard-disc fluid with 

attraction of Nikas, Puvvada and Blankschtein 
SD sticky disc adsorption model 
W|G water|gas surface 
W|O water|oil interface  
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its derivatives [11–13], despite the fact that localized theories like 
Langmuir’s have essential disadvantages compared to nonlocalized one, 
especially for W|O [9,6]. Furthermore, the lateral dispersion attraction 
between the adsorbed surfactants at W|G is often ignored [11,12,14], 
which is reasonable for high homologues but not for m < 6 [5,6]. 

Broadly speaking, a set of MTD models for micellization, partition 
and adsorption of mixtures of surfactants has the potential to become a 
common instrument for process simulation of disperse systems con
taining surfactants. This situation can be compared to what thermody
namic models of liquid mixtures did for chemical process engineering in 
general: modern process design is difficult to imagine without tools like 
Aspen, based on liquid mixture models to predict properties, phase 
behaviour, partitioning etc. Until surface thermodynamic models for 
surfactant mixtures are developed, the chemical industry will continue 
to rely on empirical rules such as HLB to navigate the design of surfac
tant formulations. Towards the aim of demonstrating the potential of the 
MTD approach, in a series of three papers, we will show that a family of 
hard-disc fluid models describes well the available adsorption data for 
ethoxylated nonionic surfactants, and all adsorption parameters can be 
predicted with reasonable accuracy for both W|G and W|O interfaces. In 
the current work (part 1 of the series), we demonstrate this on the 
example of CnФEm homologues (limiting ourselves to m ≤ 10). This 
builds up on previous work on fatty alcohols and acids, phosphine
oxides, betaines, and fluorinated alcohols [6,9,10]. It also extends 
existing work on CnФEm mixtures at silica|water [15,16] to liquid in
terfaces. In the second paper of the series, we will investigate the 
adsorption of CnEm and will discuss the behaviour of longer homologues. 
In part 3, we will show that these thermodynamic models allow the type 
and the stability of a water–oil emulsions to be predicted via theoretical 
stability maps (type of stability vs concentration and oil fraction at 
varying m and n), in agreement with the results from dedicated exper
iments – i.e. surface thermodynamic modelling can indeed be used for 
process simulation involving dispersions. 

For more than five decades, CnФEm surfactants such as n-octylphenol 
and n-nonylphenol polyethoxylates, and the branched octylphenol pol
yethoxylates of the Triton X class, have been used at an industrial scale 
for applications varying from household detergents to crude oil pro
duction [17]. Lately, their use declines due to environmental concerns: 
CnФEm tend to degrade via partial hydrolysis of the -Em segment, pro
ducing short homologues (CnФE0–2) that are toxic [18]. As a result, the 
current interest towards CnФEm is directed to wastewater treatment 
problems and fate in the body of the short homologues at low concen
tration. The understanding of CnФEm adsorption on W|G is important for 
the design of wastewater treatment processes involving gas bubbles 
(foam fractionation, bubble columns and possibly ozonation). The 
adsorption on W|O, on the other hand, is a surrogate for understanding 
the interaction of CnФE0–2 with biomembranes and hydrophobic 
particles. 

CnФEm will probably remain in industrial use for specialist applica
tions (e.g., [19–22]) due to their low price and unique properties – in 
particular, they have high affinity to ‘difficult’ interfaces such as silica| 
water [23,16]. Our interest towards CnФEm is, however, most of all ac
ademic: this is a well-studied class of ethoxylated surfactants. High- 
quality tensiometric data exist for the purified homologues in well- 
characterized W|G and W|O systems – in particular, the extensive 
work by Crook et al. [1,2]. We could not find CnEm data of the same 
range and quality for W|O. The comparison between W|O and W|G is an 
important test for the thermodynamic models and makes their param
etrization easier [9], because a hard disc model ideally has transferable 
parameters, i.e. the molecular area for W|O and W|G, at least for simple 
surfactants, are the same, and a simple relationship exists between the 
adsorption constants at W|G and W|O [9]. Importantly, the latter allows 
to predict the solvent effect of the oil phase on the adsorption, which 
mainly affects the adsorption constant [24,9]. 

We start with a summary of the 2D hard-disc fluid theory of liquid 
monolayers, with minor generalizations to accommodate the three- 

block structure of CnФEm into the MTD models of the adsorption pa
rameters (predicting the adsorption constant Ka, the hard disc area of the 
adsorbed molecule α, and the lateral attraction parameter β as functions 
of m). In sec. 3, we compare the theory with the data for C8ФEm by Crook 
et al. [1,2], including W|G, W|O, mixtures of two surfactants, and 
technical mixtures C8ФE<m> with a Poisson distribution of m. 

2. Theory 

2.1. Equation of state 

Single surfactant at W|O: the model of Helfand, Frisch, and 
Lebowitz (HFL). On W|O, nonionic surfactants of large cross-sectional 
area behave as a 2D hard-disc fluid [6], because no significant disper
sion interaction exists between the surfactant hydrocarbon chains when 
immersed in a hydrocarbon medium [25]. An accurate surface equation 
of state (EoS) for a single-component fluid monolayer made of hard discs 
has been derived by Helfand, Frisch and Lebowitz using the apparatus of 
the scaled particle theory [26]: 

απS/kT = ψ
/
(1 − ψ)2

. (1)  

Here, πS ≡ σ0 – σ is the interfacial pressure of the monolayer, σ is 
interfacial tension in the presence of surfactant; σ0 is tension of the neat 
interface (at ψ = 0); ψ = αΓ is surface coverage; Γ is adsorption; α is the 
hard disc area of the surfactant molecule. The surface activity coefficient 
γS corresponding to eq. (1) follows from the Gibbs isotherm d(απS/kT) =
ψdln(γSψ): 

lnγS = − ln(1 − ψ) + ψ(3 − 2ψ)
/
(1 − ψ)2

. (2) 

The HFL model (1)-(2) is suitable to monolayers of nonionic [9] and 
(in combination with Gouy’s equation) ionic surfactants [24] at W|O. 

Single surfactant at W|G: the sticky disc (SD) model. At W|G, the 
CnΦEm monolayers become cohesive due to the lateral attraction be
tween the hydrocarbon tails in the air. A reliable delocalized EoS for 2D 
fluid made of attracting molecules is the sticky disc model of Ivanov 
et al. [9,27,28]: 

απS

kT
=

Rβ − 1
2β(1 − ψ), Rβ ≡

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + 4β
ψ

1 − ψ

√

. (3) 

The respective surface activity coefficient γS that follows from the 
Gibbs isotherm is [9]: 

lnγS = − ln(1 − ψ) +
(

2 +
1
β

)

ln
2

1 + Rβ
+

ψ(4 − 3ψ)
(1 − ψ)2

2
1 + Rβ

. (4) 

Eqs. (3)–(4) simplify to the HFL model when β = 0. A similar 
extension of the HFL model to take into account the attraction has been 
proposed by Parsons [29], via an empirical correction -βψ2 in the HFL 
EoS (1) (see S8 in the supplementary information). 

The surface activity coefficients (2) or (4) determine the adsorption 
isotherms (Γ vs C) of the HFL and SD models: 

KaC = γSΓ, (5)  

where Ka [m] is the adsorption constant of the surfactant. Eq. (5) as
sumes that the aqueous solution is dilute enough to behave as ideal; this 
assumption often fails nearby the CMC, due to the appearance of sur
factant dimers and trimers (leading to a characteristic inflection in the σ 
vs ln C dependence right below CMC). 

A mixture of surfactants at W|O: the model of Lebowitz, Hel
fand, and Praestgaard (LHP). Crook et al. reported tensiometric data 
for well-defined binary mixtures of C8ФE4 and C8ФE10 [2]. A mixed 
adsorbed layer at W|O can be treated as a hard-disc mixture. The EoS for 
a mixture of discs of different areas has been derived by Lebowitz, 
Helfand and Praestgaard (LHP) [30]; for the two-component case, their 
eq. 6.7 can be written as 
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α10πS

kT
=

ψ10 + rψ4 − (
̅̅
r

√
− 1)2ψ4ψ10

(1 − ψ4 − ψ10)
2 . (6)  

Here, ψm ≡ αmΓm is the surface fraction covered by each surfactant; r ≡
α10/α4 is the disc area ratio for C8ФE10 and C8ФE4. The Gibbs isotherm 
relates this EoS to the surface activity coefficients γm

S of the two 
components: 

d
πS

kT
= Γ4dln

(
γS

4ψ4
)
+ Γ10dln

(
γS

10ψ10
)
. (7) 

For a binary mixture, both γ4
S and γ10

S can be derived from Eq. (7) as: 

lnγS
4 = − ln(1 − ψ4 − ψ10) +

ψ4(3 − 2ψ4) + ψ10

[
2̅̅
r

√ (1 − ψ10) +
1− ψ4

r − 3ψ4

]

(1 − ψ4 − ψ10)
2 ;

lnγS
10 = − ln(1 − ψ4 − ψ10)

+
ψ10(3 − 2ψ10) + ψ4[2

̅̅
r

√
(1 − ψ4) + r(1 − ψ10) − 3ψ10 ]

(1 − ψ4 − ψ10)
2 . (8) 

This specifies the two adsorption isotherms for this binary mixture: 

α4Ka4C4 =
ψ4

1 − ψ4 − ψ10
e

ψ4(3− 2ψ4)+ψ10

[
2
r̅

√ (1− ψ10)+
1− ψ4

r − 3ψ4

]

(1− ψ4 − ψ10)
2 ;  

α10Ka10C10 =
ψ10

1 − ψ4 − ψ10
e

ψ10(3− 2ψ10)+ψ4 [2 r̅
√

(1− ψ4)+r(1− ψ10)− 3ψ10 ]

(1− ψ4 − ψ10)
2

. (9) 

The LHP theory (modified to accommodate lateral attraction) has 
been used by Nikas et al. [5] to model the mixed adsorption layer of two 
CnEm surfactants at W|G; by Fraser et al. [31] to analyse the case of a 
surfactant that assumes two configurations of different disc areas at the 
surface; and by our group to model the osmotic effect from the solvent 
molecules penetrating into the surfactant monolayer [6]. To our 
knowledge, it has not been compared to data for mixed surfactant 
monolayers at W|O, although LHP is an obvious choice for such systems. 

Crook et al. also studied experimentally numerous cases of mixtures 
of CnΦEm of wide distribution of m [2]. For a general mixture of M 
components, the LHP EoS reads [30]: 

πS

kT
=

∑
Γm

1 −
∑

ψm
+

π(
∑

RmΓm)
2

(1 −
∑

ψm)
2 . (10) 

Here, the sums are over m = 1…M and Rm is the hard disc radius of 
the m-th homologue (αm = πRm

2). The respective activity coefficients 
have been derived from the Gibbs isotherm by Nikas et al. [5]: 

lnγS
m = − ln

(
1 −

∑
ψi

)
+

αm
∑

Γi + 2πRm
∑

RiΓi

1 −
∑

ψi
+

παm(
∑

RiΓi)
2

(1 −
∑

ψi)
2 . (11) 

They specify M adsorption isotherms for M surfactants: Ka,mCm =

γm
SΓm, m = 1…M. We will use eq. (10)-(11) to simulate the behaviour of 

CnΦEm mixtures having a Poisson distribution of m. 
A mixture of surfactants at W|G: the model of Nikas, Puvvada, 

and Blankschtein (NPB). Unfortunately, the SD model (3) has not been 
generalized to mixtures yet. On the other hand, the Parsons EoS has been 
extended to mixtures by Nikas et al. [5] – their model is presented in S8. 
For surfactants of small lateral attraction parameter, the Parsons model 
is nearly equivalent to SD [6,9], and therefore, the NPB model should be 
sufficiently accurate for ethoxylate mixtures. 

2.2. Adsorption parameters 

The EoS from sec. 2.1 approximate the shape of the lateral interaction 
potential between the adsorbed molecules to a solid particle repulsion 
(Heaviside function) and short-range uniform sticky attraction (Dirac 
function). All adsorption parameters of eq. (1)-(5) – Ka, α, β – have a 

clear physical meaning and can be determined independently or calcu
lated with reasonable accuracy from relatively simple MTD models or 
from independent experimental data, as discussed below. The geometry 
of the octylphenol polyethoxylates is complicated compared to the 
surfactants we studied previously [9,6,10] so the homologous CnΦEm 
series offers an important test of this set of models. 

The hard disc area α is a measure of the lateral repulsive interaction 
between the adsorbed molecules: this includes direct steric, chain 
overlap, and (when water binds strongly to the polar group) short-range 
hydration repulsion. For hard-disc fluid models, it has been shown 
previously that the value of α agrees with empirical crystallographic 
data and collapse data for insoluble monolayers [9,6,10]. It can also be 
accurately calculated from rotational isomeric state simulation [5], or 
even – at least for simple surfactants – straight from the geometry of the 
molecule [10,32]. Moreover, the value of α has been shown to be 
transferable, i.e. it is the same for W|G and W|O [6,9]. In contrast, the 
popular adsorption models of Langmuir and Volmer and their de
rivatives [9] use an area parameter which should be treated as empirical 
when applied to liquid surfaces: αLangmuir and αVolmer are larger than the 
crystallographic areas, and are nontransferable – the fitted values for W| 
G data do not work for W|O [9]. 

For C8ФEm of m larger than, e.g., 5–6, the repulsion is controlled by 
the maximum cross-sectional area αE of the oligomeric Em chain, see 
Fig. 1. To find αE, we determined the collapse areas from the Langmuir 
trough data for CnEm at W|G by Islam and Kato [33] and Lange and 
Jeschke [7] (the collapse was assumed to occur at the highest reported 

Fig. 1. A schematic of the assumed geometry of an adsorbed C8ФEm molecule.  
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surface pressure). The collapse area of CnEm follows a linear dependence 
on m; the corresponding disc area can be expressed as 

αE = αOH + αmm, (12)  

where αOH = 16.5 Å2 and αm = 2.99 ± 0.12 Å2 (see details in S1). The 
result (12) has been previously shown to work well for CnE6 [6]. This 
dependence encompasses empirically all repulsive interactions (steric 
direct, steric via chain overlap, hydration); it disagrees with the theo
retical power laws αE = const × m1/2 of Van Voorst Vader [34] or αE =

const × m6/11 of Sedev [35]. Eq. (12) is a linear regression over data for 
homologues of m = 1–10, and perhaps these power laws will be 
approached at larger m, where the chain overlap is expected to be the 
leading effect. Indeed, extrapolation of eq. (12) to m > 10 leads to 
overestimated αE (see S1). 

In contrast, for short polyethoxylate chains, the disc area of adsorbed 
CnФEm molecules is controlled by the benzene ring and its substituents – 
this is the area αФ in Fig. 1, standing for the projection of the segment 
–C2H4–C6H4–O–C2H4–. Unlike αE, the area αФ is independent of m. The 
disc area α of any C8ФEm can be assumed to be the larger of the two 
molecular projected segment areas αФ and αE, i.e. 

α = max(αΦ, αE) (13) 

We considered also other hypotheses; one alternative, α = max(αΦ, 
αE)1/2αE

1/2 (corresponding to an elliptic projection), was found to be 
quite reasonable and it compares well to the experiment, but eq. (13) 
works better (see S1). The dependence (13) of α on m is discontinuous. 
To smoothen it, we used the nearly equivalent function 

α = αOH +
1
2
αm

{

m + m0 +
1
2

ln[2cosh(2m − 2m0) ]

}

(14)  

where 

m0 = (αΦ − αOH)/αm (15)  

is the transition unit number: for m < m0, αФ dominates the repulsion; 
otherwise, αE does. The smoothening has little effect on the predicted 
areas α or on the optimal dispersion of the adsorption model from the 
experimental data; however, it removes the stepwise change of the 
dispersion value with the variation of the optimization parameters, 
which simplifies the optimization procedure. Moreover, a smooth 
transition is likely to be closer to reality. 

We will treat αΦ as a free parameter because we were unable to find 
data for collapse of insoluble monolayers of CnФE1…3 – but we can still 
put some limits on it. Adam [36] reported data for monolayers of 
insoluble alkylphenols, CnФOH, that collapse at 23 Å2, corresponding to 
α = 21 Å2 (with the geometrical correction factor 1.10 for the difference 
between the disc area and the hexagonal cell in a packed structure). This 
agrees with the geometry of alkylphenol, with benzene ring of axis 6.4 Å 
(distance between beta carbon atoms plus a Van der Waals diameter of a 
CH segment) and a mean Van der Waals diameter of 4.6 Å for the alkyl – 
if the expected tilt of the benzene ring is ignored, this corresponds 
approximately to an ellipse of area π × 6.4 × 4.6/4 = 23 Å2. This is a 
lower bound for the area of CnФE1…3. Adding to it the contributions 
from the projection of the -O-C2H4- segment, allowing for rotation of the 
benzene ring and adding a tilt can increase αΦ to ~ 30–35 Å2. 

Lateral attraction parameter β at W|G. An important feature of the 
SD EoS (3) is that it agrees with the theoretically expected virial 
expansion [9]: 

πS/kT = Γ + B2Γ2, with surface second virial coefficient 

B2 = 2α − αβ, (16)  

a formula rigorously valid for attracting hard discs (which can be viewed 
as a definition of β). The 2α term in eq. (16) is the repulsive hard-disc 
part of the virial coefficient, and αβ is the attractive part. The attrac
tion is assumed to be controlled mainly by two contributions [6]: the 

dispersion attraction between the hydrocarbon chains of the surfactant 
through air (producing βvdW) and the relatively small osmotic contri
bution from the solvent present in the monolayer (βosm): 

β = βvdW + βosm. (17) 

The lateral attraction parameter β is expected to be small for 
monolayers at W|O, based on data for other surfactants at W|O [6]. Even 
at W|G, β of CnФEm is not very large for the higher homologues, since 
both βvdW and βosm decrease steeply with the increase of the disc area α. 
However, at W|G, the first few homologues (CnФE0-5, which are the most 
interesting ones from the viewpoint of wastewater treatment) exhibit a 
significant lateral attraction. 

For βvdW at W|G, one can use the following formula derived for two 
interacting upstanding hydrocarbon chains [6,9]: 

βvdW =
π

α∼
∫∞

2
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α∼/π

√
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kT
/
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/

n2
CH2

l2
CH2

. (18) 

Here, LCH2 = 4.24 × 10–78 m6J is the London constant for the 
interaction between two methylene groups, and lCH2 = 1.26 Å is the 
length of a –CH2– group along the hydrophobic chain [25]; nCH2 is the 
equivalent number of methylene groups in the hydrophobic chain. The 
phenylene group -C6H4- will be treated as approximately six methylene 
groups, i.e. we will assume that nCH2 = 14 for C8ФEm. For reference, the 
derivation of eq. (18) is presented in S2. 

For the dependence on α of the second term in Eq. (17) – the osmotic 
contribution βosm – we will use the following regression formula: 

βosm = αβ
/

α, (19) 

where the value αβ = 16.15 Å2 produces βosm that agrees well with 
the available experimental data from ref. [6], see Table 1. 

The sticky disc model (3)-(4) with β computed from Eq. (17) has been 
found before to agree very well with surface tension data for many 
simple surfactants at W|G [6], including CnE6; therefore, we will attempt 
to treat it as an established dependence to calculate (rather than fit) β. 
We will show below that that this works well for higher CnΦEm homo
logues, but when close contact between the phenylene groups is possible 
(for m < 5), deviations occur corresponding to additional attraction. The 
source of this may be a phenylene-phenylene quadrupole Keesom 
interaction, as discussed in S2. 

For the equilibrium constant Ka of adsorption from the aqueous 
solution to W|O or W|G, we will use Ivanov’s MTD model, the main 
features of which were developed in ref. [37,24], and which, after a 
straightforward generalization, was extended to three-block structures 
[10]. The latter generalization can be applied to CnФEm, and gives for 
the adsorption constant the formula: 

Ka = δaexp
(nΔμCH2

kT
+

ΔμΦ

kT
+

α⊥σ0

kT

)
. (20) 

Here, the hydrophobic contribution to the adsorption free energy 
comes from (i) ΔμCH2, the hydrophobic free energy to transfer a meth
ylene group form the nonaqueous phase to water (ΔμCH2 = 1.39kT for oil 
and 1.04kT for air [9]), and (ii) the respective ΔμФ for phenylene. The 

Table 1 
Comparison between the regression formula (19) with αβ = 16.15 Å2 and 
experimental values of βosm from ref. [6].   

α[Å2] βosm from ref. [6] βosm from Eq. (19) 

alkanols 16.5  0.98  0.98 
alkanoic acids at low pH 18  0.84  0.90 
CnE6 34.3  0.5  0.47  
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contribution from the hydrophobic energy of the terminal methyl group 
is approximately ΔμCH3 ≈ 2ΔμCH2 [9], but, at least for alkyl tails 
[6,9,10], the extra 1 × ΔμCH2 is cancelled by the polarization effect of 
the polar head group on the alpha carbon atom from the hydrophobic 
tail – hence the factor in front of ΔμCH2 remains n in Eq. (20). 

The preexponential factor δa in Eq. (20) is the so-called adsorption 
length and stands for the translational and rotational degrees of freedom 
lost upon adsorption. For a hydrophilic-lyophilic centre located between 
the phenylene and -Em segments, it is given by 

δa =
kT
2

(
lΦ

ΔμΦ
+

lE

ΔμE

)

(21) 

Here, lФ is the length in direction normal to the surface of the phe
nylene segment (≈ 4.2 Å, from bond geometry); lE is the length of a 
–OC2H4– segment (≈ 3.5 Å, from bond geometry); ΔμE > 0 is the energy 
of transfer of –OC2H4– from water to air or oil. 

Finally, the area α⊥ in eq. (20) stands for the surfactant-free W|G or 
W|O interface that disappears upon adsorption of a CnФEm molecule, see 
Fig. 1. If the –Em segment were rigid and remained completely immersed 
in water, the area α⊥ would be approximately equal to that of the first 
–OC2H4– segment, which is similar to α⊥ of an alcohol. Therefore, α⊥,min 
= 1.10 × αOH, where αOH is the hard disc area of an alcohol (the same 
that appears in Eq. (12) for αE). However, –OC2H4– is hydrophobic 
enough to cover some of the surface; were the shape of the Em block a 
perfect cylinder, this situation would correspond to α⊥,max = 1.10 × αE 
= 1.10 × αOH + 1.10 × αmm (with αE from Eq. (12)). For the assumed 
conical trapezoid geometry of Em in Fig. 1, we expect behaviour in be
tween the two limits (1.10 × αOH and 1.10 × αOH + 1.10 × αmm), where 
α⊥ still increases with m but the increment is smaller than 1.10 × αm, i.e. 

α⊥ = 1.1 × aOH + x⊥amm (22)  

where the empirical increment x⊥ must be between 0 and 1.10. 
Eqs. (20)–(22) lead to an explicit formula for the dependence of Ka on 

m: 
lnKa = lnKa0 + x⊥

amσ0
kT m, with intercept (23) 

lnKa0 = ln
(

lΦ

2
kT

ΔμΦ
+

lE

2
kT

ΔμE

)

+
nΔμCH2

kT
+

ΔμΦ

kT
+ 1.10

aOHσ0

kT
. (24) 

According to this formula, (i) Ka(m) is exponential; (ii) both the slope 
and the intercept depend explicitly on the nature of the interface – first 
because of σ0 (σ0 = 72.0 mJ/m2 for W|G and 50.1 mJ/m2 for water| 
isooctane), and second, because the transfer energies Δμi in Eq. (24) are 
different for gas and oil. The formula (24) for the intercept involves 
significant approximations, while the interfacial tensions predicted by 
our adsorption models are sensitive to the parameter Ka0; therefore, 
when dealing with data, we will treat Ka0 as a fitting parameter, using 
Eq. (24) as a reference point to discuss how reasonable the experimental 
Ka0 values are. 

In emulsions, CnФEm homologues of large n and small m will parti
tion completely to the oil phase. In this case, the adsorption constant Ka

O 

for a surfactant from the oil phase to W|O is more relevant than the out- 
of-water constant Ka. The two are related through the partition 
coefficient, 

Kp ≡ CO/C = Ka
/

KO
a , (25)  

where CO is the concentration of surfactant in the oil in equilibrium with 
the aqueous solution of concentration C. Eq. (25) ignores surfactant 
association in the two bulk phases. 

The partition coefficients Kp of C8ΦEm between water and isooc
tane were determined by Crook et al. [1]. According to their data, all 
homologues but C8ΦE9 and C8ΦE10 partition preferentially to the oil 
phase (Kp1-8 > 1). We used the experimental values of Kp for all 
following calculations. However, we also analysed the dependence lnKp 
vs m in order to estimate the transfer free energies Δμi appearing in eq. 

(24). The experimental dependence of lnKp on m for octylphenol poly
ethoxylates from ref. [1] is linear (see S3): 

(C8ΦEm at W|isooctane) lnKp = 9.27 − 1.077m. (26) 

We compare the experimental dependence to the following MTD 
model of Kp (which follows from the same assumptions of Ivanov et al. 
[10] that produce the formulae for the adsorption constants above): 

(CnΦEm at W|O) lnKp ≡ ln
Ka

KO
a

=
(n + 1)ΔμCH2

kT
+

ΔμΦ

kT
−

mΔμE

kT
−

ΔμOH

kT
;

(27)  

(CnEm at W|O) lnKp ≡ ln
Ka

KO
a
=

(n + 1)ΔμCH2

kT
−

mΔμE

kT
−

ΔμOH

kT
. (28)    

(i) Comparison of eq. (26) and (27) shows that ΔμE/kT = 1.077 for 
transfer from isooctane to water.  

(ii) Eq. (26) predicts for octylphenol (m = 0) the value lnKp{C8ΦOH} 
= 9.27. This value can be compared with the one for octanol 
between octane and water, lnKp{C8OH} = 3.58 (see eq. 46 in the 
SI of ref. [9]). Comparison of the values of lnKp{C8ΦOH} and 
lnKp{C8OH} with the difference between Eq. (27) and (28) gives 
ΔμФ/kT = 9.27–3.58 = 5.69. 

This specifies all parameters in eq. (24) for Ka at W|O. It is more 
difficult to find the energies ΔμE/kT and ΔμФ/kT for transfer between 
water and gas, as values of the respective Henry’s constants are not 
readily available. We will limit ourselves to an estimate: since we know 
that for methylene ΔμCH2(W|G) = 0.75 × ΔμCH2(W|O) [9], we will as
sume that the same ratio holds for ΔμE and ΔμФ, i.e. for air ΔμE(W|G)/kT 
= 0.75 × 1.077 = 0.81 and ΔμФ(W|G)/kT = 0.75 × 5.69 = 4.27. 
Substituting these values in Eq. (24), we predict ln(Ka0/[m]) = − 3.3 for 
W|O and ln(Ka0/[m]) = -6.3 for W|G. 

3. Results and discussion 

A single C8ΦEm homologue at W|O. Crook et al. [2] reported 
interfacial tension of water|isooctane vs the initial concentration C0 in 
the aqueous phase (before partitioning) of pure octylphenol poly
oxyethylates (m = 1–10) at 25 ◦C. They used equal volumes of water and 
oil, therefore, the surfactant concentration C in the aqueous phase after 
partition equilibrium has been reached is given by 

C = C0
/(

1 + Kp
)
. (29) 

We used the experimental values of Kp [1] to convert C0 to C, and the 
interfacial tension of the neat water|isooctane, σ0 = 50.1 mJ/m2, to 
convert the interfacial tensions σ to interfacial pressures πS = σ0 – σ. 

The data for πS(C; m) was compared to the HFL model (1)-(2) for 
πS(C;Ka,α) combined with the MTD models (23) for Ka(m) and (14) for 
α(m). There are three parameters left free to fit: the intercept lnKa0, the 
empirical x⊥, and the disc area αΦ of the -C2H4-C6H4-O-C2H4- segment 
(or equivalently, the transition unit number m0, see Eq. (15)). The merit 
function we used for the regression has the form: 

dev2(Ka0, x⊥,m0) =

∑
m.i

[
πS

m,i − πS
th(Ci,m;Ka0, x⊥,m0)

]2

N − 3
, (30)  

where πS
m,i is the ith experimental value for the homologue C8ΦEm; πS

th is 
the theoretical value following from the HFL model (1)-(2) at the ith 

experimental surfactant concentration Ci, with Ka given by Eq. (23) and 
α given by Eq. (14). The sum is over all ten homologues and datapoints, a 
total of N = 108 points {Ci,m,πS

m,i} (only those below the CMC/solubi
lity limit are used). 
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There are several issues with the data that need to be considered 
when the results are discussed. The first one is that the more oil-soluble 
homologues, and C8ФE1 and C8ФE2 in particular, are of concentration in 
the aqueous phase that is so low that the experimental Kp is of high 
uncertainty (which we estimated at ±40%). The second problem is that 
the short homologues (up to C8ФE5 – see the discussion for W|G below) 
may have a non-negligible lateral attraction parameter β (osmotic and 
quadrupolar, see S2). However, it is quite difficult to distinguish be
tween the effects from the inaccurate Kp and from the neglected β, and 
our attempts to take them into account did not lead to convincing re
sults. A third problem with the short ethoxylates is that Crook et al. 
reported that some of their stock solutions were in the form of a 
dispersion, which may result in very slow equilibration. The final issue is 
that the data for C8ФE8 at W|O appears to be an artifact as it does not 
follow the trends of all other homologues. 

The optimized parameter values are reported in Table 2. The results 
are reasonable: the fitted ln(Ka0/[m]) = − 3.11 is close to the theoretical 
− 3.3 from eq. (24), and both x⊥ and αΦ are of values in the expected 
range. The tensiometric data are compared to the model in Fig. 2 for 
some of the homologues, in coordinates πS vs C and πS vs lg C, and for all 
ten homologues in S5. The adsorption model correctly captures the main 
features of the adsorption data:  

(i) small change in the overall shape of the surface tension isotherms 
as m increases from 2 to 5, but with an increase in the adsorption 
constant (the initial slope);  

(ii) significant change in the shape of the isotherms at m > 5 (where 
αE becomes larger than αФ) indicative of altered lateral repulsion, 
with a further increase in the adsorption constant. 

This simultaneous increase in α and Ka causes the isotherms of the 
low homologues to cross those of the high ones: the larger Ka of, e.g., 
C8ФE10 produces stronger adsorption than C8ФE2 in the dilute concen
tration region. However, due to the repulsion between the bulky E10 
groups, C8ФE2 adsorbs more at high concentration (Fig. 2-right). 

Comparison with other adsorption models at W|O. We previously 
[9] did an extensive comparison of the delocalized (i.e. fluid-based) hard 
disc models of HFL and SD with the more popular models of Langmuir- 
Szyszkowski (which is localized, i.e. a site model), Volmer (a model of 
delocalized 1D hard-rod fluid), Frumkin (Langmuir with empirical 
attraction), Van der Waals (Volmer with empirical attraction), and 
Parsons (HFL with empirical attraction). For CnE6, we also [6] compared 
SD with the two-state model of Fainerman and Miller [13] (also local
ized – cf. the liquid version in ref. [31]). In most cases, as regression 
models, these were found to be indiscernible – if the same number of 
fitting parameters is used, the produced dispersions are nearly the same. 
However, the area parameter matches the crystallographic and collapse 
values only for 2D delocalized models, and the attraction parameter β 
matches the theoretical value (17)–(19) only in the case of the SD model. 
The 2D liquid description was found to be particularly convincing in the 
case of W|O systems because there β is small and the real system indeed 
approaches a perfect 2D hard-disc fluid [9,6]. 

To reiterate the points made in ref. [9,6], here we compare the HFL 
model at W|O with the most popular adsorption model without lateral 
attraction: the one of Langmuir-Szyszkowski. It has the same two 

parameters as HFL: adsorption constant Ka and area αLangmuir (although 
this is a site or cell area rather than hard disc area). To make the two 
regressions as similar as possible, we use a similar merit function to Eq. 
(30) for the three dimensional data set {m,Ci,πS

m,i} by Crook et al. 
However, in this case the area must be treated as an empirical value – it 
cannot be expected that αLangmuir is equal to the one from Eq. (12) cor
responding to monolayer collapse. For the site area parameter αOH of 
alcohols on various water|oil interfaces, the value 39 Å2 has been found 
[9] and can be used. The increment αm in Eq. (12), however, has to be 
treated as a free parameter, i.e. the merit function is 

dev2(Ka0, x⊥, αm,m0) =

∑
m.i

[
πS

m,i − πS
th(Ci,m;Ka0, x⊥, αm,m0)

]2

N − 4
. (31) 

This time, πS
th is set by Szyszkowski’s formula, kT/αLangmuir × ln(1 +

αLangmuirKaC). As usual, the result from the regression is decent – 
Langmuir-Szyszkowski has the right shape to pass through the data, and 
Henry’s region is model-independent [9]. Nevertheless, despite the 
additional fourth fitting parameter in eq. (31), the goodness of the fit is 
worse than that of HFL (dev = 1.75 vs 1.65 mJ/m2). What is more 
important is that the values of the parameters make less sense. The best 
fit value of ln(Ka0/[m]) is − 3.75 ± 0.4 (vs − 3.11 ± 0.4 for HFL and − 3.3 
from theory). The empirical area ratio x⊥ = 0.18 is similar to that of HFL. 
The areas αm and αΦ, however, are very large (4.7 and 64 Å2, respec
tively) and difficult to compare to the actual molecular geometry in the 
dense monolayer close to the collapse. Of course, one can use the 
theoretical result that, for liquid monolayers, Langmuir’s site area 
should be twice the geometrical [9], but then, one may also consider the 
theoretical expectation that a liquid monolayer is better described by a 
2D liquid model like HFL than a site model like Langmuir’s. 

Mixture of two homologues at W|O. Crook et al. [2] reported 
adsorption data for mixtures of C8ΦE4 and C8ΦE10. Based on the single 
surfactant adsorption isotherms, these homologues have adsorption 
constants Ka4 = 0.07112 m and Ka10 = 0.1426 m, and areas α4 = 32.67 
Å2 and α10 = 46.35 Å2, from the parameters in Table 2 and Eqs. (14) and 
(23). Using these parameters in the LHP model, Eqs. (6) and (9), allows 
us to predict the surface tension at any composition of the aqueous so
lution, i.e. any two concentrations C4 of C8ΦE4 and C8 of C8ΦE10. 

Crook et al. [2] used as a variable the initial total concentration in 
the aqueous phase, C0 = C0,4 + C0,10, before partitioning, at different 
values of the fraction x10 = C0,10/C0. To compare their data and the 
theory in the original coordinates, we used that 

C4 = C0,4
/(

1 + Kp4
)
= (1 − x10)C0

/(
1 + Kp4

)
;

C10 = C0,10
/(

1 + Kp10
)
= x10C0

/(
1 + Kp10

)
. (32) 

Substituting these into Eq. (9), together with Eq. (6), we end up with 
three equations for three unknowns – ψ4, ψ10, and πS – as functions of C0 
at a fixed x10. These are solved numerically. The results are shown in 
Fig. 3. 

The predicted curves agree reasonably well with the experiment. The 
comparison can be improved greatly by using the isotherms fitted to 
each homologue rather than those obtained from the total fit (30) over 
the whole homologous series (which has an averaging effect). However, 
such ‘improvement’ may obscure the actual reason for the slight 
discrepancy – possibly the ignored β4, or admixtures of a higher ho
mologue in C8ФE4 (which is suggested by the change in curvature of the 
πS vs C0 dependence at low C0, see Fig. 3), or even a small error in Kp10. 
Actually, the experiment is not very well designed as under the studied 
conditions most of C8ФE4 is extracted by the isooctane and all mixed 
monolayers are dominated by C8ФE10 – see Fig. 3-right; as a result, a 
small error in the value of Kp10 has a larger effect than a big error in any 
of the adsorption parameters. 

Technical CnΦE<m> at W|O: multiple components with Poisson 
distribution of m. The usual synthetic routes for ethoxylates produce 
mixtures of wide distribution of the head group size m [38]. Very often, 

Table 2 
Adsorption parameters for octylphenyl polyoxyethylene ethers.   

water|isooctane (m = 1–10) water|gas (m = 6–10) 

ln(Ka0/ 
[m]) 

− 3.11 ± 0.4 (vs − 3.3 from Eq.  
(24)) 

− 6.66 ± 0.05 (vs − 6.3 from Eq.  
(24)) 

x⊥ 0.32 ± 0.12 
αФ (and 

m0) 
32.7 ± 2 Å2 (and m0 = 5.42 ± 0.7, from Eq. (15)) 

dev 1.65 mJ/m2 0.36 mJ/m2  
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the probability distribution of m follows to a good approximation the 
theory of Flory [39], i.e. the Poisson distribution holds, 

xm = e1− <m>(〈m > − 1)m− 1

(m − 1)!
. (33) 

Crook et al. [2] reported data for mixtures C8ΦE<m> with Poisson 
distributed m (they referred to them as ‘normal distribution C8ΦE<m>’ 
but did not mean Gaussian xm [2,38]). Thus, concentration C0 of 
C8ΦE<m> correspond to the following homologue concentrations before 
and after partitioning: 

C0,m = xmC0;

Cm = C0,m
/(

1 + Kp,m
)
= xmC0

/(
1 + Kp,m

)
, m = 1…∞, (34)  

with xm from eq. (33). Since the adsorption and partition parameters of 
the homologues of m > 10 are undetermined, we lump the high-end of 
the distribution into a single virtual component of m = 10, that is, we 
assume that components of m = 10…∞ behave as C8ΦE10. The con
centrations (34) define completely the surface composition ψ1-10 
through the respective adsorption isotherms, eq. (11), and the 

C

m

C

m

Fig. 2. Comparison of the HFL model (1)-(2) with tensiometric data for adsorption C8ФEm on water|isooctane by Crook et al. [2].  

C C

Fig. 3. Left: comparison of the LHP mixed hard-disc fluid model to the tensiometric data (interfacial pressure πS vs initial total surfactant concentration in water C0) 
of Crook et al. [2] for adsorption of C8ФE4 + C8ФE10 at water|isooctane (at several fractions x10 of C8ФE10 in the total system). Right: respective composition of the 
mixed adsorbed layer, in terms of coverages ψm = αmΓm. The monolayers are dominated by C8ΦE10. 

Table 3 
Adsorption parameters of C8ФEm.  

m Ka [m], Eq. (23) α [Å2], Eq. (14) β, Eqs. (17)-(19) 

W|G W|O W|G & W|O W|G 

1 a 2D solid?  0.05023  32.67 a 2D solid? 
2 a 2D solid?  0.0564  32.67 a 2D solid? 
3 0.002114  0.06334  32.67 b 4.39 (c 2.20) 
4 0.002496  0.07112  32.67 b 3.67 (c 2.13) 
5 0.00295  0.07986  32.8 b 2.57 (c 2.06) 
6 0.003486  0.08968  34.48 c 1.78 
7 0.004115  0.1007  37.4 c 1.45 
8 0.004863  0.1131  40.38 c 1.21 
9 0.005742  0.127  43.37 c 1.03 
10 0.006785  0.1426  46.35 c 0.89  

a On W|G, the first two homologues behave differently from the rest, likely 
due to a phase transition to 2D solid. b Lateral attraction parameter obtained 
from a single-parametric fit of the data for the respective surfactant and fixed 
values of Ka and α. c Lateral attraction parameter calculated from Eqs. (17)–(19). 
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adsorption parameters Ka,m and αm of the single homologues in Table 3. 
The substitution of the so-obtained ψ1-10 into the EoS (10) of the LHP 
model gives us the interfacial tension value σ. A sample procedure for 
this computation is given in S9 as a ready-to-use Maple code. 

The results for the nine Poisson distributed C8ΦE<m> of Crook et al. 
are shown in Fig. 4. The agreement is more than adequate, especially in 
view of the approximations made. Significant deviations appear only for 
< m> = 2–3 close to the break, which is due to the neglected lateral 
attraction parameter β1-3; some C8ΦOH may also be present in the 
mixture [2]. Deviations are observed also for <m> = 4–7 at the lowest 
studied concentration, where it appears that the technical C8ΦE<m>

again adsorbs more than the model predicts (2–3 mJ/m2 difference). 
However, we are not convinced that the experimental data in this region 
can be trusted – similar deviations are observed with some, but not all, of 
the pure surfactants reported by Crook (e.g., m = 7 in S5), and may be 
due to dioctylphenol adducts present [1,2,38]. Altering slightly the 
distribution away from Poisson’s (33) can easily make the comparison 
perfect. 

The results for C8ΦE<2> and C8FE<3> are compared to the HFL model 
for the pure C8ΦE2 and C8ΦE3 (dashed lines in Fig. 4), to demonstrate 
the effect of polydispersity. For these two homologues, the effect is 
significant. Its cause is mostly the difference in the partition coefficient – 
the lower homologues (C8ΦE1-2) present in the two mixtures C8ΦE〈2-3〉
tend to get extracted by the isooctane phase, which reduces the actual 
concentration of octylphenol ethoxylates in the aqueous phase 
compared to C0. The distribution of the mixture of surfactants between 
water, oil and interface is discussed further in S7; the code in S9 allows it 
to be calculated. 

A single C8ΦEm homologue at W|G. Crook et al. [2] reported the 
surface tension σ of aqueous solutions of the same ten pure octylphenyl 
polyoxyethylene ethers, C8ΦE1-10. We used the surface tension of neat 
W|G, σ0 = 72.0 mJ/m2, to calculate the respective surface pressures πS. 
The experimental data for πS(C; m) were compared to the SD model (3)– 
(5) for πS(C;Ka,α,β) (allowing for cohesion), combined with the MTD 
models (23) for Ka(m), (14) for α(m), and (17)–(19) for the lateral 
attraction parameter β(m). We assume that the area is unchanged 
compared to W|O, so α(m) is known (see values in Table 3). In addition, 
Eq. (17)–(19) for β(m) are explicit so it is also known. Finally, we assume 
that the empirical geometrical parameter x⊥ = 0.32 that appears in Eq. 
(23) (the presumably constant ratio between the penetrated surface area 
α⊥ and the area αE of the –Em segment in Fig. 1) is also unchanged 
compared to W|isooctane – note, however, that the slope of lnKa vs m 

increases due to the larger value of σ0 in eq. (23), 72 instead of 50 mJ/ 
m2. A single parameter is left unknown for the whole series: the intercept 
lnKa0. Thus, the merit function we used for the regression over the W|G 
data has the form: 

dev2(Ka0) =

∑
m,i

[
πS

m,i − πS
th(Ci,m;Ka0)

]2

N − 1
, (35)  

where πS
th is the theoretical value following from the SD model (3)–(5) at 

the ith experimental surfactant concentration Ci, with Ka given by Eq. 
(23), α from (14) and β from (17)–(19). 

The initial analysis demonstrated two important features displayed 
by the W|G data of Crook et al. that do not allow eq. (35) to be applied to 
homologues of small m. The first one is that the short homologues that 
approach the area α = αФ appear to have lateral interaction much 
stronger than the one predicted by eq. (17)-(19) – i.e. for m ≤ 5, there is a 
missing interaction in our model (17)–(19) for β. A likely candidate for it 
is the short-range quadrupole–quadrupole attraction between the ben
zene rings, see S2. Indeed, Eq. (18) with nCH2 = 14 treats the benzene- 
benzene attraction as a London interaction decaying as ∝ 1/r6, while 
the quadrupole–quadrupole interaction decays as ∝ 1/r5 (see S2 and 
table I in ref. [40]). The second issue – possibly due to the same inter
action – is that the first two homologues behave very differently from the 
rest of the series. We believe that the reason is a phase transition from 2D 
liquid state of the monolayer to a 2D crystalline one. Similar phase 
transition has been observed in fluorinated alkanols at water|hexane 
[21], and with dodecanol, C14E1, C16E2 and C18E3 at W|G [7,8,22,41]. In 
S4, we present additional evidence for the validity of this hypothesis 
from the analysis of the data of CMC/solubility vs m. 

To deal with these two issues, we first fitted only the data of Crook 
et al. for m > 5, which are apparently unaffected by the quad
rupole–quadrupole interaction (N = 62 points). The agreement is 
excellent – within the experimental error. The parameter value obtained 
by minimization of eq. (35) where the sum is over the data for C8ΦE6-10 
is ln(Ka0/[m]) = − 6.66 ± 0.05. The obtained ln(Ka0/[m]) agrees 
reasonably well with the theoretical estimate − 6.3 from Eq. (24). 

Next, to quantify the missing lateral (possibly quadrupole) attrac
tion, we compared the SD model to the data for C8ФE3, C8ФE4, C8ФE5 
separately. For these three homologues, we used the value of Ka pre
dicted by Eq. (23) with Ka0 = exp(− 6.66) as obtained for m > 5, and the 
area from eq. (14). This leaves an unknown β for each of C8ФE3, C8ФE4, 
and C8ФE5. The optimization leads to β3 = 4.39, β4 = 3.63, and β5 = 2.57 
(compared to 2.20, 2.13, and 2.06 following from Eq. (17)–(19) – see 
also the comparison in S6). 

All adsorption parameter values are reported in Table 2 and Table 3. 
The surface tension data are compared to the SD model in Fig. 5 for all 
homologues but the first two (C8ФE1 and C8ФE2 are assumed to form 2D 
solid monolayer and require a different EoS, see ref. [10]). 

We also considered data for CnΦEm at W|G by other authors [4,42]. 
Unfortunately, the results from different groups disagree with each 
other. For example, Schick et al. and Sahoo et al. report results for 
C9ΦE15 that disagree by a factor of 5 in the concentration, and for 
C9ΦE10 the disagreement is by a factor of 10. The data of Schick et al. for 
C9ΦE10 and C9ΦE16 agree reasonably well with those of Crook et al. for 
C8ΦE10 and C8ΦE16, when scaled for the difference of one methylene 
group (see ref. [9]); they also agree well with the adsorption model 
presented above. Among the three sets [2,4,42], only the work of Crook 
et al. covers homologues of m < 10, and we anyway intend to investigate 
higher homologues in a following work (data for CnEm of large m are 
more abundant) as their areas deviate from eq. (22) (see S1). 

Comparison with other adsorption models at W|G. The main 
benefit of using the SD model is that it treats the lateral attraction in a 
more realistic way than the usual approach where a semi-empirical 
perturbation -βψ2 is made to the base EoS of particles without attrac
tion (converting the Langmuir model to Frumkin, and HFL to Parsons 
[9]). To demonstrate this for C8ΦEm at W|G, we will compare the same 

Fig. 4. Comparison of the LHP model (10)-(11) (solid lines) with data for 
interfacial tension vs total concentration before partitioning (points) for 
Poisson-distributed C8ФE<m> on water|isooctane by Crook et al. [2]. The values 
of < m > are indicated in the plot. The single-component HFL model (1)–(2) is 
shown for comparison for m = 2 and 3 (dashed lines). 
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data to the Parsons model (which is presented in S8). 
We tried to keep the conditions of the regression close to that used for 

the SD model; however, an additional free parameter appears. The MTD 
model (17)–(19) for β is incompatible [9] with the Parsons model, so β 
must be treated as an empirical parameter to be determined from the 
data. For β(m), we tried ten simple test functions and chose β = β1/m1/2 

for the homologues of m = 6–10 (it produced the smallest deviation). 
The merit function is thus like (35) but with two parameters, Ka0 and β1, 
instead of just one. The optimization produced the values β1 = 10.5 and 
ln(Ka0/[m]) = − 7.47 (different from the theoretical − 6.3 from eq. (24)). 
Despite the additional fitting parameter, the Parsons model produces 
higher optimal deviation than SD (dev = 0.44 vs 0.36 mJ/m2 for m =
6–10). The lateral attraction parameters of the Parsons model disagree 
significantly with the theoretically expected from Eqs. (17)–(19), see 

Fig. 6. 
As with the SD model, the shorter homologues C8ΦE3-5 were dealt 

with separately, due to the additional quadrupole attraction changing 
the trend in the isotherms. The comparison with the Parsons model with 
fixed ln(Ka0/[m]) = − 7.47 gives β5 = 4.81, β4 = 5.40, β3 = 5.64. 

The Parsons model has, however, one important advantage over SD: 
it has been generalized to mixtures [5]. 

Mixtures of CnΦEm at W|G. Crook et al. reported the behaviour of 
the same mixtures we discussed above at W|O: binary C8ΦE4 + C8ΦE10 
and nine Poisson distributed C8ΦE<m> at W|G. We compared them with 
the NPB model in S8, using the parameters of the single surfactants only 
(as obtained from the Parsons model). The results are reasonably good. 
The effect from the polydispersity of C8ΦE<m> is somewhat smaller 
compared to W|O. 

Discussion of the adsorption parameters. The values of the 
adsorption parameters for both W|O and W|G are listed in Table 2 (the 
direct fitting MT parameters – Ka0, x⊥, αΦ) and Table 3 (actual values of 
Ka, α and β for each homologue, calculated via Eqs. (23), (14) and (17)– 
(19), except for β3-5). 

The results for the area are plotted in Fig. 6-left, where the disc area 
α(m) is compared with αE(m) of the –Em segment and αΦ of the 
–C2H4–C6H4–O–C2H4– segment. The area α⊥ of neat interface lost upon 
adsorption from eq. (22) (which determines the dependence of Ka on m) 
is also shown for comparison. The important conclusion is that the ge
ometry of the molecule in Fig. 1 translates directly into adsorption pa
rameters of the homologous series at both W|O and W|G. 

The dependence of β on m for W|G is illustrated in Fig. 6-right (at W| 
O, it is assumed that β = 0 and the HFL model holds instead of SD). For m 
= 6–10, the adsorption data at W|G are in excellent agreement with β 
from Eqs. (17)–(19) (blue circles). For m = 3–5, the data suggest much 
higher β (purple asterisks), probably due to benzene-benzene quadru
pole interaction (see S2). For m = 1–2, the data suggest the monolayer is 
not fluid so we do not consider them. 

The dependence of Ka on m from eq. (23) for W|O and W|G interfaces 
is shown in Fig. 7, with x⊥ and lnKa0 from Table 2. The ratio of the slopes 
dlnKa/dm at the two interfaces is equal to the ratio of σ0 (i.e. σ0

W|G/σ0
W|O 

= 72.0/50.1), resulting in a faster increase with m of Ka at W|G. The 
intercept difference is also captured well by the model (see Table 2). 

CMC and solubilities. One interesting application of the developed 
adsorption models is for analysis of the break in the σ vs C dependences 

C

m

Fig. 5. Comparison of the SD model (3)–(5) with surface tension data for 
C8ФE3-10 on W|G from ref. [2]. 
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Fig. 6. Left: areas of C8ФEm involved in the MTD models as functions of m: disc area α, eq. (14); area αE of the –Em segment, see S1; penetration area α⊥, see Fig. 1 
and eq. (22). Right: lateral attraction parameter of C8ФEm at W|G. The higher homologues follow the model (17)-(19), but for m = 3–5 for which contact between the 
-C2H4-C6H4-O-C2H4- segments is possible, β increases. The Parsons model’s β values are shown for comparison. 
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for CnΦEm at W|G and W|O reported by Crook et al. [2] – it is presented 
in S4. In short, we show that we can use the plateau value of the surface/ 
interfacial pressure to calculate the break point Cbreak very accurately. 
The increased accuracy allows us to identify which homologues reach a 
micellization point and which – a solubility limit – it appears that C8ΦE1- 

4 do not form micelles. Moreover, this analysis gives additional evidence 
for 2D crystalline monolayer at W|G for C8ΦE1-2. 

4. Conclusions 

Our theory of the adsorption of alkylphenyl polyethylene glycols, 
CnΦEm, at W|G and W|O interfaces, consists of (i) a family of adsorption 
hard-disc fluid equations of state (HFL [26], LHP [30], SD [27,6], NPB 
[5]) combined with (ii) MTD models (theoretical or from independent 
experiments) for the three adsorption parameters of these EoS: adsorp
tion constants Ka, disc area α, and, at W|G, lateral attraction parameter β 
(based on ref. [6,10]). Nearly all parameters in the proposed theory are 
directly calculated or determined independently and have a clear 
physical meaning; only four molecular characteristics had to be deter
mined from the experimental data: αΦ = 33 Å2, x⊥ = 0.3, Ka0 = exp 
(− 3.1) for W|O, Ka0 = exp(− 6.7) for W|G – see Table 2. These four 
values allow the prediction of the adsorption behaviour of any CnΦEm 
homologue at W|G and W|O, and also the behaviour of surfactant 
mixtures. Even these four parameters can be estimated theoretically, 
and the estimates agree well with the values extracted from the data. 

To our knowledge, this is the first adsorption theory that:  

(i) predicts the behaviour of single and mixed polyethoxylates at W| 
O (Fig. 2, Fig. 3, Fig. 4), and that  

(ii) captures quantitatively the phenomenon of intersection of the 
isotherms of short and long homologues at W|O (Fig. 2) and W|G 
(Fig. 5), based on MTD models for the adsorption parameters. 

The proposed theory is exceptionally simple, in the sense that it is 
able to translate the geometry of the adsorbed molecule (Fig. 1, S1) 
directly to values of the adsorption parameters (Fig. 6) and thereafter 
into single and mixed adsorption isotherms. Excluding the geometry in 
Fig. 1, there are no new assumptions in the adsorption models compared 
to what was previously used for fluid monolayers of nonionic surfactants 
simpler than CnΦEm [6,10]. The only exception is the need to accom
modate the benzene ring attraction for three of the homologues, C8ΦE3- 

5, at W|G. For comparison, previous adsorption modelling studies for 
alkylphenol surfactants at W|G (for example, ref. [13]) would use 3–4 
parameters per homologue (when we need three for the whole series), 
with little discussion of the dependence of the adsorption parameters on 
m, and ignoring the polydispersity. To our knowledge, this work is also 
the first to propose theory for the excellent set of data reported by Crook 
et al. [1,2,17]. 

Perhaps the most important application of the proposed theory is to 
predict the behaviour of technical mixtures of ethoxylates. Obviously, 
commercial surfactants are mixtures [43]. We demonstrated this use on 
the example of nine Poisson distributed mixtures of C8ΦEm at W|O (see 
Fig. 4 and S9) and W|G (S8). To our knowledge, this is the first time this 
is done for liquid interfaces (it has been done before with solid surfaces 
[15,16]). 

The proposed theoretical description provides a detailed picture of 
the properties of the adsorbed layers of CnΦEm, and the molecular 
thermodynamic reason behind the features of their behaviour. Accord
ing to our findings,  

(i) the lateral repulsion (the disc area α) is controlled by the -Em 
segment for m ≥ 6 and by the –C2H4–C6H4–O–C2H4- segment at 
m ≤ 5. This results in W|O isotherms of similar shape at m ≤ 5 but 
increasingly flatter πS vs lnC dependences at m > 6 (see Fig. 2 and 
S5).  

(ii) The lateral attraction parameter β at W|G for m ≥ 6 is dominated 
by the dispersion attraction, with some contribution from the 
osmotic effect due to water present in the monolayer. For m ≤ 5, 
where the –C2H4–C6H4–O–C2H4– segments can approach each 
other without the steric hindrance between -Em groups, β in
creases significantly (see Table 3 and Fig. 6-right), which we 
tentatively ascribe to short range quadrupole–quadrupole inter
action between the benzene rings (see S2). For the shortest two 
homologues, the lateral cohesion becomes so strong that they 2D 
crystallize (see also S4).  

(iii) The dependence of the free energy of adsorption − kTlnKa on the 
size m of the polar head is linear. The predicted slope is controlled 
by the penetration area α⊥ (proportional to αE) and the tension 
σ0 of the surfactant-free interface (resulting in a different slope of 
lnKa vs m for W|G and W|O, see Fig. 7 and Eq. (23)). The in
tercepts lnKa0 of this dependence at the two interfaces are also 
predicted with reasonable accuracy (see Table 2). 

The next work from this series is to apply the same models to data for 
CnEm, where the phenylene segment is absent. A wide range of values of 
n (not only m) will be considered, and we will specify better the surface 
phase behaviour of this homologous series. We will also summarize the 
dependence of the partition coefficient Kp and the CMC/solubility on the 
structure of the CnEm surfactants (as done for CnΦEm here in S3-4). In the 
third paper of the series, we will use a combination of adsorption, 
partition, micellization and solubility models to calculate the distribu
tion of various CnEm surfactants in a complex system. We will show that 
this allows one to predict the behaviour of emulsions stabilized by these 
surfactants. A more challenging standing problem is the extension of the 
SD model to mixtures. It will be also interesting to apply the same 
models to liquid CO2 emulsions, ethoxylated surfactants with branched 
alkyl [21,22] and related systems. 
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Appendix A. Supplementary data 

S1. Disc area of the Em segment and its relation to the hard disc area. 
S2. Lateral attraction parameter – dispersion and quadrupoles. S3. 
Partition coefficients. S4. State of the monolayer at the CMC / solubility 
limit. S5. Comparison between theory and data for single surfactants at 
W|O. S6. Comparison between theory and data for single surfactants at 
W|G. S7. Comparison between the adsorption behaviour of a mixture 
and the behaviour of the mean homologue at W|O. S8. The Parsons 
model for single component C8ΦEm and NPB for Poisson distributed 
C8ΦE<m> at W|G. S9. Procedure to calculate interfacial tension and 
composition for Poisson distributed C8ΦE<m>. Supplementary data to 
this article can be found online at https://doi.org/10.1016/j.jcis.20 
23.06.068. 
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